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Abstract. Let A" be a domain in a closed polarized complex mani- 
fold (Y, L), where L is a (semi-)positive line bundle over Y. Any given 
Hermitian metric on L induces by restriction to A a Hilbert space 
structure on the space of global holomorphic sections on Y with val- 
ues in the fcth tensor power of L (also using a volume form w n on A). 
In this paper the leading large k asymptotics for the corresponding 
Bergman kernels and metrics are obtained in the case when A is a 
pseudoconcave domain with smooth boundary (under a certain com- 
patibility assumption). The asymptotics are expressed in terms of 
the curvature of L and of the boundary of A. The convergence of the 
Bergman metrics is obtained in a very general setting where (X,ui n ) 
is replaced by any measure satisfying a Berstein-Markov property. 
As an application the (generalized) equilibrium measure of the po- 
larized pseudoconcave domain A is computed explicitely. Other ap- 
plications to the zero and mass distribution of random holomorphic 
sections and the eigenvalue distribution of Toeplitz operators will 
appear elsewhere. 
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1. Introduction 

Let L be a holomorphic line bundle over a closed (i.e. compact without 
boundary) projective complex manifold Y of dimension n. Denote by 
H°(Y,L k ) the vector space of all global holomorphic sections on Y with 
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values in the kth tensor power of L. Any given Hermitian metric on 
L and a domain X in Y together with a volume form u n induces an 
L 2 — norm on H°(Y,L k ) obtained by integrating the point-wise norms 
of sections in H°(X,L k ) over the domain X. The corresponding Hilbert 
space will be denoted by TC(Y, L k ) x . The Bergman kernel K k (x, y) of the 
Hilbert space TC(Y, L k ) x is the integral kernel of the orthogonal projection 
from the space of all smooth sections with values in L k onto T~L(Y, L k ) x . 

In this paper the situation when the curvature form dd c (f) is semi- 
positive and the domain X = {p < 0} has a smooth strictly pseudo- 
concave boundary, i.e. the Levi curvature form dd c p of the boundary 
is negative, will be mainly investigated. Then X (or rather the triple 
(X, L,(p j) will be called a polarized pseudo-concave domain. 

In the case when X = Y and the curvature form dd c <p is positive 
the asymptotics of the Bergman kernel K k (x,y) as k tends to infinity 
have been studied extensively [35l [381 Hi E] and are by now very well- 
understood due to strong locazation properties. For example, in scaled 
coordinates on "length-scales" of the order 1/k 1 / 2 the Bergman kernels 
Kk(x,y) converge (with all derivatives) to constant curvature model ker- 
nels. In particular, the leading asymptotics of the Bergman measure 
B k u; n , where B k (y) := \K k (y, y) | (the point-wise norm) may be ex- 
pressed in terms of the local curvature of L : 

(1.1) k~ n B k uj n -> (dd c <P) n /n\ 

uniformly on Y. As an immediate consequence Tian's almost isometry 
theorem [35] holds 

(1.2) k~ l n k := k~ l dd c \n K k {y, y) -> dd c (f) 

uniformly on Y, where k~ l Vt k is called the (normalized) k th Bergman 
metric on Y. Note that the latter asymptotics are considerably weaker 
than 11.11 

One notable application of these asymptotics was introduced by Shiffman- 
Zelditch in their study of random zeroes of random and quantum chaotic 
holomorphic sections [3]] (see section 11.21 below) and was further devel- 
oped in a series of papers (for example with Bleher [TU [12]). 

A concrete realization of the situation studied in this paper is obtained 
by taking Y as the n— dimensional projective space P n and L as the 
hyperplane line bundle 0(1). Then the Hilbert space TC(Y,L k ) x may be 
identified with the space of all polynomials Pk(z) in C n of total degree at 
most k, equipped with the weighted norm 

(1-3) \\Pk\\l, x := [ \ Pk (z)\ 2 e- k ^u n , 

where X has been replaced by its restrictio to the affine piece C n , where 
is a smooth plurisubharmonic function of logarithmic growth and u n is 
the restricted Fubini-Study volume form (then the integrals are finite). 
Moreover, X is by assumption the complement of a bounded pseudocon- 
vex domain in C n . Such "weighted polynomials" (with u) n replaced by a 
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measure supported on a "arbitrary" set X) have been recently studied in 
various contexts. See for example [16] and Bloom's appendix in the book 
[30] by Saff-Totik and the book pj9j by Deift for the case when E is a set 
in E, concerning relations to (hermitian) random matrix theory. Very re- 
cently Bloom-Shiffman [18] studied the "unweighted" situation obtained 
by setting = in 11.31 and letting X be a "regular" bounded set in C n 
(see section IT2l . Using pluripotential theory [26] it was shown in [18] 
that the corresponding normalized k th "Bergman volume form" (com- 
pare formula 11.21) converges weakly to the equilibrium measure ji e of X, 
supported on the (Shilov-) boundary of X : 

(1.4) (n k /k) n /n\ - // e 

When the domain X is polarized (i.e. dd c 4> > 0) the situation in the inte- 
riour of X can be shown to localize (as in II . 11) . The main purpose of the 
present paper is to study the influence of the boundary on the Bergman 
kernel asymptotics of T~t(Y, L k )x and on a generalized equilibrium mea- 
sure of the polarized pseudoconcave domain X (defined following the 
very recent work |25| of Guedj-Zeriahi). In the situation of Shiffman- 
Bloom refered to above these objets may, in general, not be expressed 
in terms of the local curvature of the boundary OX of the domain X. 
However, under the assumption of global negativitity of the curvature 
of the boundary dX there is a natural locally defined candidate for the 
boundary contribution, namely the following 2n — 1 form, invariantly 
defined on the boundary of X : 

(1.5) y.:= ( {dd^ + tdd^y- 1 Ad c p)dt/(n-l)\, 

Jo 

where T is the following function on dX, that will be referred to as the 
slope function: 

T = sup {t > : (dd c (f) + tdd c p) x > along T 1,0 (dX) x } . 

The point is that T is finite when dX is pseudoconcave. It will be shown 
that, further assuming a certain compatibility between the curvature dd c p 
of the boundary dX and the curvature dd c (f> of line bundle L, leads to 
localization properties of the Bergman kernel asymptotics and the (gen- 
eralized) equilibrium measure. In fact, as illustrated by the examples in 
section 13.31 there are large classes of polarized pseudo-concave domains 
X where the localization properties hold precisely when the assumption 
on "compatible curvatures" holds. 

The main results below are based on the Bergman kernel asymptotics 
obtained in section [51 A major role in the proofs of these asymptotics 
is played by the local holomorphic Morse inequalities obtained in (2} 0]. 
In the present setting these inequalities can be seen as refined versions 
of the Bernstein-Markov inequalities used by Shiffman-Bloom (compare 
section I7\3l) . In the last section some open problems concerning general 
smooth domains X (and even more general situations) are formulated. 
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These open problems should be seen in the light of some very recent 
developments that have appeared since the preprint of the first version 
of the present paper appeared: in [6J the situation when X — Y, but the 
curvature of L is arbitrary is studied and in [Tj2, [17] the planar case is 
studied. 

Finally we turn to the precise statement of the main results (see section 
[2] for further notation). 

1.1. Overview of the main present results. The polarized pseudo- 
concave domain X will be said to have "compatible curvatures" when the 
slope function T above is constant on dX for some choice of the defin- 
ing function p and certain further assumptions depending on the "filling" 
Y — X of X hold (see section [2T2T l . For example, in the case of polyno- 
mials refered to above the compatibility assumption holds if — p = in 

o 

Bergman kernel asymptotics (sectionlM). The first main result gives the 
convergence as a measure of the Bergman kernel: 

Theorem 1.1. Let K k be the Bergman kernel for the Hilbert space 
H(Y,L k )x associated to the polarized pseudoconcave domain X with com- 
patible curvatures. Denote by Axxx and Agxxdx the currents of inte- 
gration on the diagonal in X x X and dX x dX, respectively. Then the 
sequence of measures 

2 

k -n \K k {x,y)\ k(j) lx{x)u n (x) A l x {y)u n {y) 
converges on Y x Y to 

[A XxX ] M x(0) (dd c 4>) n /n\ + [A dX 

xdX\ A 

in the weak *-topology, where p is the 2n — 1 form on OX. 

In fact, in order to prove the previous theorem the following "special 
case" will first be shown for the corresponding Bergman measure (com- 
pare formula [131) : 

(1.6) k~ n B k l x uJ n -> l x (dd c (j)) n + [dX] A p 

weakly as measures on Y. The next theorem concerns the scaling con- 
vergence of the Bergman kernel K k close to the diagonal. It shows that 
after scaling K k converges to constant curvature model kernels (at least 
after choosing a subsequence). The scalings are expressed in terms of 
the "normal" local coordinates introduced in section 14.11 and 14.31 respec- 
tively. In the statement below the dependence on the fixed center (which 
is the point x in the interior and the point a at the boundary) has been 
suppressed. 

Theorem 1.2. Let K k be the Bergman kernel for the Hilbert space 
7i(Y,L k )x associated to the polarized pseudoconcave domain X with com- 
patible curvatures. K k has a subsequence K kj such that for almost any 
point x in the interior of X (i.e. x G X — E, where E has measure 
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zero) the following scaling asymptotics hold in the C°°— topology on any 
compact subset of C™ x C™ : 

(i) kj n K k ^z/k 1 / 2 ; z'/k)' 2 ) -> z'), 

where K° is the corresponding model Bergman kernel (formula \4-6\ )- 
Moreover, for almost any fixed point a in the boundary dX (i.e. a G 
dX — F, where F has measure zero in dX ) the following scaling asymp- 
totics hold in the C°°— topology on any compact subset of C™ w x C™ ; w , : 

(iz) kj( n+1) K k i (z/k 1 / 2 , w/k r , z'/k 1 / 2 , w'/kj) -> if w; «/), 

where K° is the corresponding model Bergman kernel (formula 
Furthermore, the same statement holds after replacing K k with any sub- 
sequence K kl (a priori E and F then depend on the subsequence K kl ). 

The model kernel K° associated to a point in the boundary may be 
expreesed by the following suggestive formula, where p denotes the (po- 
larized) defining function of the corresponding constant curvature model 
domain: 

11 8 8 p t p° — 1 

K° = ^-det(dd c Po )e^P(^)^(- -), 

47T7T dp dp po 

where P is the characteristic polynomial of the linear operator {dd c (p} x {— dd c p} 
This kernel should be compared with the one obtained by Shiffman- 
Zelditch [32] in the one-dimensional unweighted case refered to above 
(the later kernel is essentially given by in special coordinates). The 
proofs in [32] relied on classical results of Carleman concerning the cor- 
responding orthogonal polynomials and the exterior Riemann mapping 
theorem. The corresponding unweighted higher-dimensional scaling re- 
sult in C n was stated as an open problem in [18j. 

Bergman metric asymptotics (sectionM). Denote by F^ the interior scal- 
ing maps on C n , as well as the boundary ones, corresponding to the 
scaling of the coordinates in theorem I1.2I above. The following theorem 
gives the convergence of the fcth Bergman metric on Y induced by the 
polarized pseudoconcave domain X (compare section [6] for definitions). 

Theorem 1.3. Let be the Bergman metric on Y induced by the 
polarized domain X with compatible curvatures. Then the following 
convergence holds for the corresponding normalized volume form: 

(Q k /k) n -> l x (dd c <f)) n /n\ + [dX\ A p, 

when k tends to infinity, as measures in the weak* -topology, where p is 
the 2n — 1 form \1.5\ on dX. 

Moreover, the following scaling asymptotics for the pth exterior power 
of Qk hold (after replacing with a subsequence as in theorem 
around almost any interior point: 

(i) F*(n k y - {dd c <j>y 



x ■ 
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(with uniform convergence on each compact set) and around almost any 
boundary point: 

(ii) F*(tt k ) p -> (dd c (j) + tdd c p + dt A d c p) p 

(with uniform convergence on each compact set), where t is the following 
function of p : t = -^-lnB°(p) (see formula \4.13\ ) so that t(—oo) = and 
t(oo) = T (where T is the slope function in formula \1.5\) . 

Equilibrium measures (section^). Following the recent work [25] of Guedj- 
Zeriahi (see also [16] for the weighted case in C n ) let now X be any com- 
pact set in X and the "restriction" to X of a continuous metric on L. 
The corresponding equilibrium metric on L — ► Y is defined by 

(1.7) My) = sup |j(y) : 4> e C (x ,l), < onX} . 

where C{x,l) is the class consisting of all (possibly singular) metrics on L 
with positive curvature current. Consider the "regular" case when e is in 
£(x,L) (compare section I7T21) . The Monge- Ampere measure (dd c (p e ) n /n\ 
is called the equilibrium measure associated to (X,(f>). It was recently 
introduced in the more general global setting of quasiplurisubharmonic 
functions by Guedj-Zeriahi [25], building on the work of Bedford-Taylor, 
Demailly and others. The item (i) in the following theorem implies that 
if Y is any smooth domain then the normalized k th Bergman volume 
form converges to the corresponding equilibrium measure (see section 
17.31 for the definition of Bernstein-Markov measures etc). In item (ii) the 
optimal rate of convergence (saturated by the model examples in section 
[3]- see [4]) is obtained in the case when Y is strongly pseudoconcave. 

Theorem 1.4. Let X be a compact set in Y and a continous metric 
on an ample line bundle L — > Y. 

(i) Let uj n be a volume form on Y. If Ix^n has the Bernstein-Markov 
property w.r.t (X, (ft), then the following uniform convergence holds on all 
ofY: ' 

(1.8) k- l lnK k {y,y)^<l> e {y) 

where K k is the Bergman kernel associated to (X,u n ,(f)). In particular, 
the equilibrium metric e is continuous then, i. e. (X, 0) is regular then. 

(ii) If furthermore X is assumed to be a pseudoconcave domain with 
smooth boundary and (J) is smooth, then the rate of the convergence in \1.8\ 
is of the order (n + 1) In k/ k. 

(Hi) Ifv is any fixed measure which has the Bernstein-Markov property 
w.r.t (X,(p) and (X,<p) is regular, then the uniform convergence \1.8\ holds 
for the Bergman kernel associated to (X, u, 0). 

Moreover, if L is only assumed to be a semi-positive line bundle, then 
the following convergence holds under any of the assumptions (i), (ii) 
or (Hi) above for the normalized volume form of the corresponding kth 
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Bergman metric Vtk : 

(i.9) (n k /k) n -> (dd c <f) e ) n 

when k tends to infinity, as measures in the weak* -topology. 

The theorem above generalizes the result [TT31 of Shiffman-Bloom, con- 
cerning the unweighted case in C n (as well as Theorem 2.1 in [H] con- 
cerning the weighted case for X a compact set in C n ). The proof is 
similar to Demailly's d— proof of Siciak's fundamental convergence result 
for the L°°— version of the Bergman metrics (compare remark \7.4h in 
the unweighted case in C n [22] ■ See also [25] for the global polarized 
case of this L°°— version of the result. Also note that in the case when 
X = Y the convergence towards the equilibrium measure was obtained 
in [6] for any line bundle L (when suitably formulated). The proof of the 
lower bound in the convergence of the theorem above uses the Ohsawa- 
Takegoshi extension theorem, which allows a precise controle on the rate 
of the convergence. 

In case X is a polarized pseudoconcave domain that satisfies the as- 
sumption about compatible curvatures (section [272] ) the equilibrium mea- 
sure can now be computed explicitly using theorem [L3] (without assuming 
that L is ample): 

Corollary 1.5. Let X be a polarized pseudoconcave domain with compat- 
ible curvatures (section \2l\) . Then the (generalized) equilibrium measure 
(dd c <j) e ) n /to! of the polarized domain X is given by 

(dd c <p e )/n\ = l x {dd c <j)) n /n\ + [dX] A (jt, 

where u is the 2n — 1 form \1.5\ on dX. 

1.2. Relations to random sections and Toeplitz operators. In a 

sequel [7J to his paper the present results will be applied to the study of 
various random measure processes. The starting point is that any Hilbert 
space Tik (here H(Y, L k )x) comes equipped with a natural Gaussian prob- 
ability measure. As shown by Shiffman-Zelditch the Berfman measure 
k~ n B k uj n (formula 11.61) then represents the expected mass distribution 
E(|/fc| 2 u) n ) of a random section fj. in Tik and the Bergman volume form 
(dd c (\nK k (z, z))) n /n\ represents the expexted distribution of simultane- 
ous zeroes of n random sections in TCk- Moreover, the variance of the 
mass distribution can to the leader order be expressed in terms of the 
eigenvalue distribution of Toeplitz operators acting on TC k (compare [31]). 
which in turn may be obtained from the weak convergence of the mea- 
sure k~ n \K k (x, y) | oj n {x) Au n (y). Furthermore, the scaling properties 

of the Bergman kernel K k (x, y) are used to express the limit correlations 
between random zeroes (compare [HJ [12] )• In [7] the non-local effects 
appearing when the condition about "compatible curvatures" does not 
hold will also be investigated and related to the situation studied in |6j, 
as well as the Hele-Shaw flow in interface dynamics (also called Laplacian 
growth) [37]. 
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2. Setup 

2.1. Notation. Let L be an Hermitian holomorphic line bundle over 
a complex manifold Y . The Hermitian fiber metric on L will be de- 
noted by <p. In practice, is considered as a collection of local functions. 
Namely, let s be a local holomorphic trivializing section of L, then locally, 
kl- 2 )!^ = e _< ^ . If otk is a holomorphic section with values in L k , then it 
may be locally written as a* = fkS® k , where fk is a local holomorphic 
function and the point-wise norm of may be written as 

(2-1) \a k \l = \f k \ 2 e- k ^\ 

The canonical curvature two-form of L can be globally expressed as dd(f> 
and the normalized curvature form idd(f>/2TT = dd c (f) (where d c := i(— d + 
d)/4ii) represents the first Chern class Ci(L) of L in the second real de 
Rham cohomology group of X [23]. A line bundle will be said to be (semi- 
) positive if there is some smooth metric on L with (semi-) positive 
curvature form (i.e. the matrix { 8z .Q g . ) is (semi-) positive). 

Let X be a smooth strictly pseudoconcave domain in Y. This means 
that there is a defining function p (i.e. X = {p < 0} and dp ^ on OX) 
such that the restriction of the Levi curvature form ddp to the maximal 
complex subbundle T 1,0 (dX) x of the real tangentbundle of dX is negative 
(i.e. the Levi curvature of dX is negative). The degenerate case X = Y 
is allowed in the previous definition of X and corresponds to the situation 
studied in [HH HH H2] (when dd c (j> is strictly positive) . 

We will assume that Y is a projective manifold with a semi-positive 
line bundle L (which is positive at some point in Y). In case the curvature 
is positive on all of Y, the pair (Y, L) it usually called a polarized manifold 
in the literature. Fix a (possibly singular) Hermitian metric on L over 
Y whose curvature is a positive current (2TJQ The domain X in Y will 
be called a polarized domain if the metric on L is smooth on X and it 
will be called a polarized domain with compatible curvatures if any of the 
assumptions in section 12.21 below are satisfied. @ 

Fixing an Hermitian metric two-form u on X (with associated volume 
form ui n ) the Hilbert space TC(Y,L k ) x is defined as the space H°(Y,L k ) 
with the norm obtained by restriction of the global norm on [23] to X : 

(2.2) HfcHKIlU(= / \h\ 2 e- k ^uj n ), 

Jx 

using a suggestive notation in the last equality (compare formula l2TTi ). If 
rj is a form we will write r] p := rf '/p\, so that the volume form on X may 
be written as u n . The induced volume form on dX will be denoted by da. 
If Z is a submanifold, then [Z] will denote the corresponding current, i.e. 

1 the somewhat confusing terminology of positive currents actually means that dd c (j> 
is allowed to be a semi-positive form on the set where 4> is smooth. 

2 Since a polarization usually refers to a positive line bundle L, the term semi- 
polarized would perhaps be more appropriate. 
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:= f z r] for any test form rj. Moreover, given a real (1, 1)— form r\ 
on Y we will denote by {f]}y the corresponding (using the metric form lu) 
Hermitian linear operator on T l,0 (Y) y (or on some specified subbundle). 

2.2. Assumptions for "compatible curvatures". At least one of the 
following three assumptions are assumed to be satisfied for X to be a 
polarized domain with compatible curvatures (compare [5]). The assump- 
tions all have in common the condition that the slope function (see for- 
mula [T3|) is constant: 

(2.3) T = CondX, 

for some choice of the defining function p of dX. 

Assumption 1. The defining function — p of the pseudoconvex manifold 

Y — X may be chosen to be smooth with dp ^ and dd c (—p) > 
in (Y — X) — Z, where Z is either a point or an irreducible divisor in 

Y - xE Moreover, on any regular sublevelset of p the slope function T 
in II .51 (defined by replacing dX with the sublevelset of p) is constant, i.e. 

(2.4) T is a function of p. 

If Z is a point it is assumed that dd c (—p) > on all of Y — X. If Z is an 
irreducible divisor it is assumed that T is bounded from above on Y — X, 
that 

(2.5) / c x (L) n - x = U. 

Jz 

and that 

(2.6) dd c {-p) = [Z\ + /3, 

in the sense of currents on Y — X, where (3 is a semi-positive smooth 
form. 

Assumption 2. Suppose that n > 2 (the dimension of X) and that L is 
holomorphically trivial on Y — X. Then the fiber metric on L may be 
identified with a function on Y — X and it as assumed that 

(p = -p 

on Y — X. In this case the form p in formula 11.51 is simply given by 

p = (dd c <p) n _i A d c <p/n. 

Assumption 3. Suppose that n > 3, that Y — X is a Stein manifold and 
that 

(2.7) dd c (f) = -fdd c p 

along the holomorphic tangentbundle of dX for some non-negative func- 
tion / on dX. 

3 i.e. a (possibly singular) connected compact closed complex submanifold of codi- 
mension one in Y — X. Then the integration current [Z] is well-defined. [23] 
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2.3. General properties of Bergman kernels. Let (ipi) be an or- 

thonormal base for a given Hilbert space structure on the space H°(Y, L k ), 
which in this paper always will be the Hilbert space H k (Y,L k )x- The 
Bergman kernel of the Hilbert space H°(Y, L) is defined by 

K k (x,y) = 

i 

Hence, K k (x,y) is a section of the pulled back line bundle L k M L k over 
Y x Y. For a fixed point y we identify K k {x) := K k (x,y) with a section 
of the hermitian line bundle L k ® L k , where L y denotes the line bundle 
over Y, whose constant fiber is the fiber of L over y, with the induced 
metric. The definition of K k is made so that K k satisfies the following 
reproducing property 

(2.8) a(y) = (a,K k ) k4> 

@for any element a of H°(Y, L k ), which also shows that K k is well-defined. 
In other words K k is the integral kernel of the orthogonal projection onto 
H°(Y k , L) in L 2 (Y, L k ). The restriction of K k to the diagonal is a section 

of L k <g> L k and we let B k (x) = \K k (x, x)\ (= \K k (x,x) \ e'^^) be its 
point wise norm: 

B k (x) = J2\Mx)\l- 

i 

We will refer to B k (x) and B k lx^ n as the Bergman function and Bergman 
measure of H°(Y,L k ). Note that the Bergman measure only depends on 
the "restriction" of the metric <p to the domain X. The following extremal 
property holds: 

(2.9) B k (x) = sup\a k (x)\ 2 k ^ 

where the supremum is taken over all L 2 — normalized elements a k of 
H°(Y,L k ). An element realizing the extremum, is called an extremal at 
the point x and is determined up to a complex constant of unit norm. 
Given such an extremal a the following basic relation holds [3]: 

(2-10) \K k (x,y)\ 2 k(p =\a k (y)\lB k (x) 

3. Examples and "counter examples" 

In this section we will consider various classes of polarized pseudocon- 
cave domains. Some " counter examples" will also be presented, showing 
that the main results in this article may not hold if the assumptions in 
section E21 are relaxed. 



4 We are abusing notation here: the scalar product (•, •Jj.^ on H°(Y, L k ) determines 
a pairing of K k with any element of H°(Y, L k ), yielding an element of L k 
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3.1. Domains in projective space and polynomials in C n . Let Y be 

the n— dimensional projective space P n and let L be the hyperplane line 
bundle 0(1). Then H°(Y, L k ) is the space of homogeneous polynomials in 
n+1 homogeneous coordinates Zo, Z%, ..Z n [23]. The Fubini-Study metric 
4>fs on 0(1) ma Y be suggestively written as 4>fs{Z) = ln(|Z| 2 ) and the 
Fubini-Study metric ujps on P n is the normalized curvature form dd c (f)FSi 
which is hence invariant under the standard action of SU(n + 1) on F". 
We may identify C n with the "affine piece" P n — ifoo where is the 
"hyperplane at infinity" in C n (defined as the set where Z — 0). In terms 
of the standard trivialization of 0(1) over C n , the space H°(Y,L k ) may 
be identified with the space of polynomials Pk{C) i n of total degree at 
most k and the fiber metric may be identified with a (plurisubharmonic) 
function in C n . 

The basic example of a pseudoconcave domain X is obtained as the 
complement in P n of the unit-ball in C n (i.e. we may take p = — |C| 2 + lin 
a neighbourhood of dX). The norm l2~2l on the Hilbert space Hk(Y, L k )x 
may in this case be expressed as 

l|p*ll*:= / |P*(C)| 2 ! e-*«W) n 

J\z\>l 

Example 3.1. The canonical Fubini-Study metric on 0(1) corresponds 
to the choice 0(C) = ln(l + |C| 2 )- In this case the (normalized) curvature 
of L is the Fubini-Study metric on P n and the form /i in formula [T75l is a 
multiple of the standard volume form on the In — 1— sphere. 

Next, we will consider the basic example when has a singularity in 
Y — X. 

Example 3.2. Let <f)(() = In ( | C| 2 ) - Then is smooth outside the origin. 
In particular it is smooth on X. Note that the nth exterior power of 
the curvature of vanishes outside the origin (i.e. the complex Monge- 
Ampere of vanishes there). Again, the form /x is a multiple of the 
standard volume form on the 2n — 1— sphere. 

In the following section generalizations of the case when X is the com- 
plement of the unit-ball are considered (compare remark [331) . 

3.2. Disc bundles. Let Z + be a closed compact complex manifold of 
dimension n — 1 and let (F, 4>f) and (G, 0g) be Hermitian holomorphic 
line bundle over Z + with positive curvature. Then X is defined as the 
pseudoconcave domain obtained as the unit discbundle in the total space 
of F and Y as the P 1 — bundle over Z obtained by fiberwise "adding the 
point at infinity" to F, i.e. by adding a divisor Z_ at infinity, ence, 
locally 

X = {h = |w| 2 exp(-0 F (^)) < 1} 

5 i.e. Y is the fiber- wise projectivization of the bundle F©C, where C is the trivial 
line bundle over Z+. The coordinate along C determines a section of Op(F®C)(l) whose 
zero-set is 
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(where z is a coordinate along Z and w is a coordinate along the fibers 
of F). We will assume that the "slope between dd c (f>G and dd c (fi F ": 

(3.1) S = sup {t > : (dcf G - tdd c ct) F ) z >0} = S eZ, 

i.e. that S 1 above is independent of the point z in Z and that S G Z. The 
line bundle L over F is now defined as 

L := tt f (G) ® 

where [Z_] now denotes the line bundle over K corresponding to the 
divisor Z_(do that ci([Z_]) is represented by the current [ZJ\, using the 
notation introduced in section [2]) Hence, L is isomorphic to n F {G) over 
the domain X. As will be seen below L satisfies the assumption 12.51 (with 
Z = ZJ). Moreover, the defining function p := Yah for the boundary of 
X satisfies the assumption 12.61 (with (3 = dd c (f> F ). Let us now consider 
two different metrics on L : 

Example 3.3. Let <f> L (z,w) := n G (f) G + \ia(l + e sp ) on Y - Z_ (smoothly 
extended as a metric on L over a neighbourhood of ZJ). Then 4>l has 
positive curvature on X — Z_ and (dd c (pG) n l = on Z_ precisely when 
assumption 13.11 holds. Indeed, a direct calculation (compare the proof of 
lemma [6J]) gives 

dd c 4> L = TT* F (dd c (f) G - s(p)dd c 4> F ) + dt A n* F d c p, 

where s(p) = -jp ln(l + e sp ) is strictly increasing, mapping [— oo, oo] to 
[0, S). Note that the slope function T (see formula fT75l) becomes a function 
of p : T(p) = S — s(p) in this case. Hence, all assumptions in 1 in section 
12.21 are satisfied and (X,4>l) is thus a polarized domain with compatible 
curvatures in (Y,L). 

The following example may be obtained as a limit of variants of the 
previous one: 

Example 3.4. Let 4>l(z,w) := npcpciz) on X. Then <pL extends to a 
singular metric on L over Y with positive curvature (in the sense of 
currents) by setting <Pl(z, w) := <Pg(z) + p on Y — X. Indeed, 4>l may be 
obtained as the limit 

(f> L (z, w) := lim (ir* G <f> G + k~ l ln(l + e Skp )) 

k— >oo 

Note that in this example S = T. 

Remark 3.5. Setting Z + = P n_1 and F = G = 0(1) gives the case 
considered in the previous section, i.e. when X is the complement of 
the unit-ball in P n . Indeed, the base Z + of the fibration above may be 
identified with the hyperplane at infinity in C n and the fibers correspond 
to lines through the origin in C n . Moreover, Y corresponds to the blow- 
up P n at the origin of P n . A local isomorphism between Y and P n is 
obtained by setting w = Cn 1 an d z = (Ci/Cn, Cn-i/Cn)- Also note 
that Z- corresponds to the exceptional divisor E over the origin and 
L w 7r*(9pn(l), where it is the blow-down map from P n to P n . Hence, the 
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space H°(Y, L k ) may be identified with H°(F n , Ofn(l) k ) in this particular 
case. 

3.3. "Counter examples". 

3.3.1. Constant vs. non- constant slope T. Now assume that the base Z + 
is a product of complex curves: Z + = Z\ X Z 2 , dimZj = 1. All other 
objects are assumed to decompose accordingly: F = F x ® F 2 etc. Then 
the curvature form dd c 4>p may be identified with a pair of functions (the 
eigenvalues of dd c (pF) : (Xp^zx), \f 2 { z 2)) and similarly for dd c 4>c- For 
concreteness, consider the case when 



where |ei(zi)| < 1, | £2 (-^2) I < 2 and the integral of ej(zj) over Z; L vanishes. 
Hence, (A^^i), \p 2 (z2)) corresponds to a deformation (with positive cur- 
vature) of a metric on F with constant curvature. Now, if €\ = 0, then 
the slope function T(z) is clearly constant (= 1), as long as 1 62 (^2) | < 1- 
This means that the corresponding disc bundle X with the hermitian 
line bundle L defined as in example 13.41 is hence a polarized domain with 
compatible curvatures (since it satisfies the assumption 1 in section [272]) . 
But ifei 7^ somewhere andife 2 (z 2 ) < e 1 (z 1 ) + l, then a short calculation 
gives 



and T is hence non- constant. In fact, it can be shown that the main 
results of this paper hold if and only ifT(z) is constant in these examples 
(and certain more general examples) |7j ; which makes the assumption 
12.31 quite natural. 

Finally, consider the case when Z + is a complex curve, so that X is a 
domain in a complex surface (i.e. n = 2). Then T(z) = dd c <j>G(z) / dd c (p F (z) 
Now suppose that Z + = P 1 and F = G = 0(1) with <j) G (z) = ln(l + \z\ 2 ) 
and 4>f{z) = ln(a + \z\ 2 ) (compare remark l3~5l ) . Then X corresponds to 
the exterior of the "ellipse" {(Ci? C2) : |Ci| 2 + a IC2| 2 = 1} m C 2 . Hence, 
T(z) is constant precisely when a = 1, i.e. when X is the exterior of the 
unit-ball in C 2 . This example also shows the need to assume that n > 2 
in assumption 3 in section 12.21 Indeed, when n = 2 the assumption 12.71 
always holds. Similarly, the example also shows the need to assume ex- 
tension properties of p and (L, 0), as in the assumptions 1 and 2 (at least 



when n — 2), since 12.31 always holds when n = 2 (for a suitable choice of 



3.3.2. Vanishing vs. non-vanishing of c(L) n ~ 1 ■ [Z]. The following ex- 
ample illustrates the need for the condition 12.51 in the assumption 1 in 
section 12.21 Consider the situation in remark 13.51 but replace L with 
the line bundle L = 7r*0 P n(2) ® Then L is a positive line bundle 

and satisfies all the assumptions in 1 in section 12.21 except 12.51 Indeed, 
L corresponds to n F (G) ® [Z_] 5o_1 in section (with G = Opn-i (2) and 



dd c (p G <-> 



(2, 2), dd^p <-> (1 + e 1 (z 1 ), 2 + e 2 (z 2 )), 



T(z)=2/(l + e 1 (z 1 )) 



P)- 



14 



ROBERT BERMAN 



F = (Dpn-i(l)). However, the assumption 12.51 fails, since 

c(L) n - 1 ■ [E] = + + ... + + [Ef 

Note that L has a natural singular metric with curvature form n*c(0(2)) + 
E, where c(0(2)) denotes the curvature form of a fixed smooth hermitian 
metric on 0{2) with positive curvature, so that L is isomorphic to 0(2) 
over X (as Hermitian holomorphic line bundles). Moreover, there is a 
strict inclusion 

(3.2) H°(¥\L k ) ^ #°(P\7r*e> p2 (2) fe ), 

where the image is the subspace in H°(F n , 7r*C P 2(2) fc ) of all sections 
vanishing along E to order k (i.e. the image may be identified with the 
subspace of all polynomials in C n of total degree m, where k < m < 2k). 
It follows that the main results of this paper do not apply to (P n ,L), 
since they imply that formula 14.11 holds, where the left hand side in 
the formula only depends on the restriction of the curvature of L to X. 
Indeed, the formula hold does hold for (P n , 7r*Op2(2)), since it satisfies 
all the assumptions in 1. Hence, by 13.21 it cannot hold for (P n , L). 

4. Morse (in)equalities and model Bergman kernels 

In this section we will mainly recall some point- wise estimates for the 
Bergman functions of the space H k (Y } L k ) x obtained in [3 [4]. Such point- 
wise estimates were referred to as local holomorphic Morse inequalities 
in |2J in the more general context of harmonic (0, q)— form with values in 
L k U After integration the latter estimates yield bounds for the asymp- 
totic growth of the Dolbeault cohomology groups with values in L k . The 
latter bounds were first obtained by Demailly |20j in the context of closed 
manifolds, who called them holomorphic Morse inequalities in analogy 
with the classical case of Morse inequalities for the De Rham cohomology 
groups of a real manifold (compare Witten's approach in [36J). 

4.1. Morse inequalities in the interior region. For a fixed k the 
interior region is defined by the inequality p In [1] it was 

shown that the Bergman function B k (x) may be estimated in terms of 
model Bergman functions. The model Bergman function B° associated 
to an interior point x is obtained by replacing the manifold X with 
C n and the line bundle L with the constant curvature line bundle over 
C n obtained by freezing the curvature of L at the point x. Since C™ 

6 The case of holomorphic sections is considerably more elementary than the general 
case. The main difference is that there is no need for a special sequence of metrics on 
X as in [I] and that subelliptic estimates may be replaced by the submean property 
of holomorphic functions. 

7 in the following lnfc could be replaced with any sequence Rk tending to infinity 
at the order 0(k e ) where e is a sufficiently small positive number. Note that in [1] 
Rk = R and the limit when first k and then R tend to infinity was considered. In this 
paper a slightly more precise control in the "boundary region" (see the appendix) will 
allow us to let R depend on k, hence simplifying the notation a bit. 
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is non-compact all sections are assumed to have finite L 2 — norm. More 
concretely, one may always arrange so that locally around the fixed point 

x, 

n . n 

(4.1) 4>(z) = \z l \ 2 + u(z) = l ~^dzi Adz~+.... 

i=i i=i 

where the dots indicate lower order terms and the leading terms are called 
model metrics. Hence, the corresponding model L 2 — norm on O 1 is given 

by 

(4.2) / \a(z)\ 2 e-^ x ^\ 

integrating with respect to the Euclidean measure on C n . 
Denote by the holomorphic scaling map 

F k (z) = {z/k 1 ' 2 ) 

and let a^ k \z) := (F£ak)(z). By the proof of theorem 1.1. in [2j (see also 
[3] for a simple argument based on the submean property of holomorphic 
functions) the following point-wise bound holds in the interior region: 

(4.3) limsupfc- \aW(z)\ 2 / \\a k \\l Fk(Dlnk) < B°(0), 

k 

where D ink denotes a polydisc of radius In k. In particular, by the ex- 
tremal property 12.91 of B k (x) : 

(4.4) limsupA;-™^^) < B°{0) 

k 

Moreover, the model Bergman function is explicitly given by 

(4.5) B°co n = (dd c (j)) n 
Hence, the full model Bergman kernel is given by 

(4.6) K° = det(dd c (f) )e^, 

using the suggestive notation O = <f>o(z, z ') = YH=i ^i~Zi z 'i- 

4.2. Morse inequalities in the middle region. The middle region 
is defined by the inequalities — 1/ln/c < p < —\nk/k. As shown in [4] 
(section 5.2) 

(4.7) lim I k~ n B k uo n = 

k J -l/lnk<p<~lnk/k. 
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4.3. Morse inequalities in the boundary region. The boundary re- 
gion is defined by the inequalities — In k/k < p < and is diffeomorphic 
to the product dX x [— \nk/k, 0]. Fix a point a in dX and take local 
holomorphic coordinates (z, w), where z is in C n_1 and w = u + iv . By an 
appropriate choice we may assume that the coordinates are orthonormal 
at and that 

n-1 

(4.8) p{z,w) =v + Y,Vi N 2 + 0{\{z, w)\ 3 ) =:p (z,w) + 0(\(z, w)\ 3 ). 

i=i 

In a suitable local holomorphic trivialization of L close to the boundary 
point a, the fiber metric may be written as 

n-1 

<P(z,w) = ]T \ ]Zi -z- + 0{\w\)0{\z\) + 0(\w\ 2 ) + 0(\(z,w)f), 

where the leading terms are called the model fiber metric and denoted by 
0o- The model Bergman function B° and kernel K° associated to the fixed 
point a are the ones obtained from the Hilbert space of all holomorphic 
functions a on the model domain X (with defining function po) which 
are square integrable with respect to the model norm 

/ \a(z,w)\ 2 e- Mz) , 

Jx 

integrating with respect to the Euclidean measure on C™ w . 
Denote by Fk the holomorphic scaling map 

(4.9) F k (z,w) = (z/k 1 / 2 ,w/k), 
so that 

Xk = F k (D\ ak ) f*]X 

is a sequence of decreasing neighborhoods of the boundary point a, where 
-Dinfc denotes the polydisc of radius Ink in C n . Note that 

(4.10) F-\X k )^X , 

in a suitable sense. On F k ~ l (X k ) we have the scaled fiber metric F k k(j) 
that tends to the model metric O on the model domain X , when k tends 
to infinity. 

It follows from the proof of proposition 5.5 in [1] that 

(4.11) hnisupAr( n+1 ) \a {k \z,w)\ 2 ^/\\a k \\ 2 k(f>Xk < B°(z } w), 

where the estimate is uniform on F A T 1 (X fc ). Moreover, the left hand side 
above is uniformly bounded by a constant on any polydisc of fixed radius 
in C n (even without intersecting with X) and on X Q dominated by an 
L 1 — function on "half-rays" (see the appendix). In particular, 

(4.12) (i) limsup fc fc-( n+1 ) J B^(2,w) < B°(z,w) 
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The model Bergman function at the fixed point a in dX is given by 
(4.13) B Xo (z,w)u n = [ e tpoiz ' w h(dd c o + tdd c p o ) n ^ 1 Ad c p o )dt, 



o 



where T is the slope function in formula 11.51 In particular, performing 
the fiber-integral (i.e the push forward) over p gives 

r° 

(4.14) / B°co n = p, 



where p as the 2n — 1 form defined by formula 11.51 Similarly, the corre- 
sponding model Bergman kernel is given by the following integral formula 

(4.15) K° = —-[ e tpo+ ^tdet(dd c <i) + tdd c p )dt, 

47T 7T J 

using a suggestive notation as in formula 14.61 above. Equivalently, we 
have the suggestive formula 

K° = ^-det(dd c Po )e^P(^-)^-(- -), 

47T7T dpo dpo po 

where P is the characteristic polynomial of the operator {dd c (p}{— dd c p}^ 1 
where the operators act on T 1 '°(dX) x a,nd (P(^) denotes the corre- 
sponding differential operator with constant coefficients). Note that T is 
the minimal eigenvalue of {dd c <p}{— dd c p}~ 1 . 

4.4. Morse equalities. Integrating the Bergman function B k over X 
gives, using the point-wise bounds in the different regions the following 
Morse inequalities for any line bundle L over X (compare [I]) 



dimH k (Y) x < k n ( / {dd c 4>) n + / fj.) + o(k n ), 

J X JdX 

where the form p is given by formula 11.51 

In the case when X is a polarized pseudoconcave domain (section I2TTI ) 
the previous inequality becomes an equality: 

Proposition 4.1. Consider the Hilbert space Hk(Y,L k )x associated to 
the polarized pseudoconcave domain X. Then 

(4.16) \imk- n dmvH k {Y) x = {f {dd c ct)) n + f p) 

k JX JdX 

Proof. The assumption 1 holds: If the extension of the fixed fiber metric 
to Y (that will also be denoted by in the sequel) is smooth, then the 
equality in 14.161 was obtained in [4] (section 7.1), but stated incorrectly 
there without any assumptions on the slope function T in formula 1 1 . 5H . 
We will next repeat the argument in 14.161 and point out the corrections 
appearing in [5]. First, since L is a semi-positive line bundle the left 
hand side above is given by, using for example Demailly's strong Morse 
inequalities [20] : 

r c \L) n = ( c 1 (L) n + ! c\L) n . 

Y J X JY-X 
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Next, Stokes theorem is used to show that the integral over Y — X coin- 
cides with the boundary integral in 14.161 (also using that dd c (j) is a smooth 
semi-positive form representing c^L)) (proposition 0.1 in [5]). Note that 
we may even assume that dd c (p is strictly positive by adding u/m to 
dd c (f) } where u is the curvature form of any fixed positive line bundle A 
on X and in the end letting the positive number m tend to zero in the 
integrals. 

The case when the extension is singular may be reduced to the 
smooth case. Indeed, for a fixed m the positivity of L m £g> A allows us 
to find a sequence of smooth metrics on L m (g) A with semi-positive 
curvature decreasing to $, where dd c & = mdd c 4> + lo (using the regular- 
ization results of Demailly - see the appendix in [25] for a direct proof). 
This gives the Morse equality 14.161 with replaced by Finally, let- 
ting first j and then m tend to infinity then proves the proposition in 
the singular case, since the operator that maps to (dd c cf)) p is contin- 
uous when applied to a locally bounded decreasing sequence of smooth 
plurisubharmonic functions, as first shown by Bedford- Taylor (see [26]). 

The assumption 2 holds: in this case proposition 0.1 in [5] may be 
replaced by a direct application of Stokes theorem (compare [4], section 
7.1). 

The assumption 3 holds: under the assumption 12.71 the strong Morse 
inequalities obtained in [4] give 14.161 with dimHk(Y) x (= H°(Y,L k )) re- 
placed by H°(X, L k ). But if Y — X is a Stein manifold a standard exten- 
sion argument then shows that H°(X,L k ) = H°(Y,L k ), using that the 
Dolbeault cohomology group H®p t (M, F) for compactly supported forms 
is trivial for any line bundle F on a Stein manifold M of dimension at 
least three (setting M = Y — X and F = L fc ).[21] □ 

The following simple generalization of lemma 2.2 in [3] will be used to 
convert the Morse equalities from the previous proposition to equalities 
for the scaled Bergman functions and kernels. 

Lemma 4.2. Assume that (M, v) is a manifold with a smooth volume 
form v and V an open subset of M. For each fixed parameter u defined 
in a bounded set U of Euclidean R let <&k,u be a diffeomorphism from 
V onto &k,u(V) such that the Jacobian of §k,u converges uniformly to 
1, when k tends to infinity. Let f and fk be functions in L 1 (V,z/) with 
compact support in V and such that suppfk C &k,u( V) and such that the 
sequence fk is dominated by a function in L l {V,v). Moreover, assume 
that 

(ii)lim / f k du= / fdv and (m) limsup / fc ($ M (x)) < /(x), 
k Jv Jv 

for almost all x in V. Then <&* k fk tends to f in L 1 ((V,z/) x U). In par- 
ticular, there is a subsequence ^.f^such that fkji&k^uix)) converges to 
f(x) for almost all pairs (x, u) in V x U. 



BERGMAN KERNELS AND EQUILIBRIUM MEASURES FOR POLARIZED PSEUDOCONCAVE DOMAINS 

Proof. When is the identity map (and V = M) the lemma was 
essentially obtained in [3]. But for completeness we recall the argument: 
By the assumption (i) 



limsup / \f k - f\dv = 2 limsup / x+Afk ~ f)dv, 

k J]/ k Jv 

where x+,k is the characteristic function of the set where /& — / is non- 
negative. The right hand side can be estimated by Fatou's lemma, which 
(by the dominated convergence theorem) is equivalent to the inequality 



limsup / gkdv < I lim sup g k dv, 
k Jx Jx k 

if the sequence g k is dominated by an L 1 — function. Taking g% = Xk(fk — 
f) and using the assumption (ii), finishes the proof of this special case. 
Now, for a general map u let h k be the function on U x V defined 

by 

h k (u,x) := (&% tU fk)(x). 

The assumption on the Jacobian of &k,u combined with the assumption 
(i) shows (by the change of variables formula) that (i) also holds for hk 
on U x V. Indeed, 

f h k dv= [ ^ih^dv) = [ fk^dv 
Jv Jv J-$> k ,u(V) 

and by assumption $& )lt (V) fl supp/^ = V fl supp/^ and $>~j^ l *dv dv 
uniformly, giving 



lim / hkdv = lim / fkdu = lim / fdv 
k Jv k Jv Jv 

In particular, by Fubini's theorem, the corresponding equality holds over 
U X V too. Moreover, by assumption h k is L 1 — dominated. We may now 
apply the special case when n is the identity map to the sequence h k 
on U x V and obtain that h k tends to / for almost all pairs (x,u). □ 

In section El we will also have use for the following 

Lemma 4.3. Assume that (M, v) is a measure space. Let f and f k be 

non-negative functions in I/ 1 (M, u) such that 

(i)lim / f k dv= / fdv and (ii) liminf fk(x) > f(x) a.e 
k Jm J m 

Then f k tends to f in L (M : v). In particular, there is a subsequence 
fkjSuch that fkj(x) converges to f(x) for almost all x. 

Proof. Reversing the roles of f k and / in the beginning of the proof of 
the previous lemma, the assumption (i) gives 

limsup / \f k - f\ dv = 21imsup / X-,k(f ~ fk)dv, 

k Jx k Jx 
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where now x~,k is the set where fk < f. Let hk ■= X-,k{f ~ fk) an d n °te 
that by assumption (ii) we have that 

lim sup hk = 

k 

and hk is, by its definition, dominated by the L 1 — function /. Hence, 
Fatou's lemma again finishes the proof of the lemma. □ 



5. Bergman kernel asymptotics 
5.1. Convergence as a current. 

Theorem 5.1. Let B k be the Bergman function for the Hilbert space 
Tik(Y, ,L k )x associated to the polarized pseudoconcave domain X (section 
Then 

k- n B k l x uj n -> l x (dd c <P) n + [dX\ A fi 

as measures on Y in the weak* -topology, where p is the In — 1 form \l.& 
on dX. 

Proof. For simplicity we will assume that the restriction of p to the ray 
close to the boundary where z and the real part of w vanish, coincides 
with the restriction of v (the assumption may be removed as in the proof 
of proposition 5.5 in [4j). Let B x (x) := k~ n B k (x) when x is in the 
interior region, i.e. p(x) < — 1/lnfc and otherwise and let 

(5.1) Bq X (o-) = k~ n f° B k (a,p)dp 

J-lak/k 

By formula [4771 

lim k~ n B k uj n = \imB k x uj n + [dX] A {\im B k 9x (a))da 

k k k 

as currents. In particular, proposition 14. II gives 

lim / B x uj n + ]im / B k dx (o)do = / (dd c (f)) n + / p. 
k Jx k Jdx Jx JdX 

Hence, the inequalities 15.71 and 14.121 show that the first and second term 
on the left hand side in the previous formula is equal to the first term and 
the second term, respectively, in the right hands side. Finally, lemma l4~2l 
applied to the spaces X and dX gives 

, . (i) limjfc B XR u n = (dd c 4>) n a.e onX 

' ' (ii) (limfc Bg X (a)da) = p &.e ondX. 

This proves the proposition. □ 

Now we can prove the convergence as a current of the whole Bergman 
kernel, stated as theorem 11.11 in the introduction. 
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k- 



Proof of theorem First observe that 
(5.3) 

\imk~ n / f(x,y)\K k (x,y)\ 2 u n (x)Au n (y)=\imI 1:k + \imI 2 
k J XxX k k 

where h yk and I^k are the integrals obtained by restricting the integration 
to the set of all (x, y) such that p(x),p(y) < — l/\nk and p(x),p(y) > 
— lnfc/fc 1 , respectively. Indeed, if A k denotes the middle region, i.e. the 
set of all x such that — 1/lnfc < p(x) < — hik/k, the absolute value of 
the difference between the integrals in left hand side and the right hand 
side in 15.31 may be estimated by 

cf(f \K k {x,y)\\. u n {y))u n {x)<C f B k (x)u n (x) 

J A k J X J A k 

using the reproducing property 12.81 of K k (y) applied to a k = K k {y) in 
the last step. By 14.71 the latter integral tends to zero, when k tends to 
infinity. 

Proof. Since the proof that 

(5.4) lim/ 1)fc = (/ f(x,x){dd c (j)) n 

k Jx 

is completely analogous to the case when X is closed (theorem 2.4 in [3]), 
we will just sketch it here. Take a sequence of sections a k , where a k is 
a normalized extremal at the interior point x. Combining the inequality 
14.41 with the equality (i) in formula [5721 shows that, unless x lies in a set 
of measure zero, there is a subsequence of a k such that 

( 5 - 5 ) lim ll^ll^(A nft ) = 1 ' 

restricting the norms to F k (D\ nk ), the polydisc of radius \nk/k centered 
at x. Using the identity ETU] the integral over y in Ii )kj R (for a fixed point 
x) equals 

k~ n B k {x) [ f{x,y)\a k (y)\ 2 H u n {y). 

Jp{y)<-l/\nk 

Since by 15.51 the function la^y)!^ converges to the Dirac measure at x 
in the weak*-topology, formula 15.51 then proves 15.41 
Similarly to prove 

(5.6) lim/ 2 ,fc = ( / f{x,x)p 



k 



first note that in the limit / may clearly be replaced by its restriction 
to (dX) 2 . Replace x in the previous argument with x k = (o~ x ,v/k) and 
observe that 

( 5 - 7 ) Km\\a k \\ 2 k4)FkiAink) = l, 

restricting the norms to the polydisc of radius In k scaled by the map 
F k (in formula l4~9l) . To see this note that combining {it) in formula [5721 
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with the inequality 14. 121 gives, using lemma l4~2l applied to the infinite ray 

{a} x [0,oo[, 

\mvk- {n+1) B k ((7,v/k) = B°(0,v) 

k 

for almost all (<r,v). The inequality 14.1 II then gives 15.71 as in the interior 
case. The integral over y in the definition of 1%^ (for a fixed point x) now 
equals 

k' n B k (a x ,p x ) / f((T x ,ay)\a k {(Ty,Py)\l (j) UJ n (y). 

J p{y)>-\ixk/k 1 

By 15.71 a>k is peaked around a y = a x showing that 15.61 is the limit of 

k' n B k (a x ,p x )f(a x ,a x ) J \a k (a y , p y )\ 2 k(j> uj n (y). 

Since the integral of \a k (a y , p y )\ 2 is equal to one in the limit (by 15.71) 
formula 15.21 finally proves 15.41 □ 

5.2. Scaling asymptotics. In this section scaling asymptotics for the 
Bergman kernels in the interior of X and at the boundary of X will be 
obtained. The scalings are expressed in terms of the local coordinates 
introduced in section 14.11 and 14.31 respectively. In the interior case we 
will use the notation B^(z) = B k (z/k 1 / 2 ) and K^(z,w) = K {k \w) = 
K(z/k 1 ^ 2 ,w/k 1 ^ 2 ) and similarly in the boundary case, using the scaling 
map 14.91 in the latter case. Note that we have suppressed the dependence 
on the fixed center (which is the point x in the interiour and the point a 
at the boundary). 

Lemma 5.2. . Let <p be any smooth Hermitian metric on the line bundle 
L over Y . Then the scaled Bergman kernels around each fixed interior 
point x satisfy 

I 2 <II^°H 2 

Ifc^Q — II 2 ll(/) 



(*) hmsupUfc-^f L < \\K%J=B°(z)), 

k 



in terms of the model norms (restricted to a poly disc of radius In k in 
the left hand side). Moreover, the left hand side is uniformly bounded by 
a constant independent of z. Similarly, for each fixed boundary point a 

(ii) limsup \\k-^K^\f Ho < \\ K lX* (= 

in terms of the model norms (restricted to a poly disc of radius In k in the 
left hand side). 

Proof. By formula EH 

(5.8) \\k~ n K^\\ 2 H = k- n B^(z)(k- n 

where is an extremal at the point x k =z/k 1 ^ 2 with global norm equal 
to one. Hence, 

limsup ||£;- n i^ fc) ||^ o < limsup k~ n B ik) (z) < B°{z), 
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where we have used the Morse inequality 14.41 in the final step. By the 
reproducing property of the Bergman kernel (or the analog of formula 
15.81) in the model case this proves (i). The proof of (ii) follows along the 
same lines, now using the Morse inequities 14.121 □ 

Lemma 5.3. Let B k be the Bergman function for the Hilbert space 
Hk(Y,L k )x associated to the polarized pseudoconcave domain X (sec- 
tion \2.1\) . Then B k has a subsequence B k such that for almost any point 
x in the interior of X (i.e. x G X — E, where E has measure zero) the 
following scaling asymptotics centered at x hold: 

(5.9) (i)kJ n B^\z) =B°(z) 

for almost all z. Similarly, for almost any fixed boundary point a (i.e. 
aa G dX — F, where F has measure zero in dX ) 

(ii) lim k' (n+1) B^\z,w) = B°(z,w) 

k J 

for almost all (z,w). 

Proof. First consider the interior case. Taking <3>fc = Id (i.e. the identity 
map) in lemma 14.21 and using the Morse inequality 14.41 applied to the 
center (i.e. to k~ n B^ k \0) = k~ n B k (x)) proves [5T91 when z = 0, i.e. that 

(5.10) \imk- n B k (x) = B (x) 

k 

a.e. on X. Now fix a point xq in X and a coordinate neighbourhood V 
centered at xq that we identify with a subset of C n . Let U be a ball of 
fixed radius centered at the origin in C n . On V we may write 

BW(A(z)u) = B k ($ k , u (z)) := B k (z + A(z)u/k^ 2 ) } 

where A(z) is a matrix- valued function and where the center of the scaling 
is z@ On U the matrix A(z) may even be chosen to depend smoothly on 
z. Note that the norm of the Jacobian of — Id is bounded by a 
constant times \jk n l 2 . Now take a smooth function \ supported on U 
such that x = 1 on some neighbourhood V(xo) of the fixed point xq. Let 
fk '■= xk~ n B k and / := \Bq on V. By 15. 101 (and dominated convergence) 
we have 

lim / f k u n = / fu n 
k J v Jv 

Applying lemma l4~2l to fk with (M, v) = (X,u n ) and V and U as above 
and using the Morse inequality 14.121 proves that fk tends to / for almost 
all (x,u) in V x U. In particular, k~ n B k (Q k ,u(x)) tends to B (x) for 
almost all (x, u) in V(x ) x U. By Fubini's theorem this means that for 
almost all fixed x in V(x ) we have that k~ n B k (Q k ,u(x)) tends to B (x) 

8 recall that the definition of B (k ^ involves a choice of coordinates, that are or- 
thonormal at z, corresponding to multiplying A(z) by a unitary matrix. But it is 
clearly enough to obtained the scaling asymptotics for some choice of A(z). 



24 ROBERT BERMAN 

for almost all u in U. But since Xo was arbitrary this proves the interior 
case. 

To prove the boundary case, first note that as in the proof of theorem 



lim f B k ((T,v/k)dvda)= [ B°(a,v)dvda). 

k JdXx[-lnk,0] JdXx[-lnk,0] 

The proof now follows along the lines of the interior case, using the Morse 
inequality 1412J for B k . □ 

We now turn to the proof of the scaling convergence of the Bergman 
kernel stated as theorem 11.21 in the introduction. 

Proof of theorem 11.21 We first consider the interior case. Fix a 
point x in X — E where E is the set of measure zero where the con- 
vergence in lemma 15.31 fails. By the uniform bound in lemma 15.21 the 
sequence 

k -n K (k 3 ) extended by 

zero converges (after choosing a subse- 
quence) weakly to an element (3 Z in the model space. Moreover, since 

(k ■ ) o 

is a holomorphic function the L - bounds may, using Cauchy 
estimates, be converted to C°°— convergence on any given compact set. 
In particular, 

lim k~ n K^\z) = (3 z (z). 

3 

By lemma EH (which is equivalent to the corresponding asymptotic iden- 
tity for Kz \z)) this means that 

(5.11) 0.(z) = K° z (z) 

under the assumptions of the theorem. The inequality (i) in lemma IST21 
combined with the extremal characterization [2 . 91 of the Bergman function 
Bk then forces 

(5.12) /3 g (w) = c z K° z (w) 

for each w, where c z is of unit norm for each fixed z. Combining ETT] and 
15.121 when z = w shows that c z = 1. All in all we deduce that, for each 
fixed z, 

]jmkJ n KM = K° z 

i 

uniformly on any given compact set. The limit has been established 
for a certain subsequence of k7 n K^\ but in fact it implies point- wise 
convergence of the sequence kJ n K^ itself since the limiting function is 
independent of the subsequence of k~ n K^ kj \ Moreover, by the uniform 
bound (i) in lemma I5T21 

-K°\\ < C 

in L 2 for each fixed compact set in C n x C. Since the sequence [K^> — 
K°) is holomorphic on C n x C n Cauchy estimates finally may be used 
again to convert the L 2 - convergence on C n x C n to C°°— convergence on 
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any fixed compact set of C n x C n , proving the theorem in the interior 
case. 

The boundary case follows along the same lines, now using (ii) in 
lemma 15.21 and 15.31 

6. Bergman metric asymptotics 
Denote by flk the following global (1, 1)— current on Y : 
n k := dd c (\nK k (y,y))(= dd c (J2 My)\ 2 )) 

i 

where K k (y,y) is the Bergman kernel of the Hilbert space Hk(Y, L k )x 
(with orthonormal basis (ipi)), restricted to the diagonal and identified 
with a section of L <g> L over Y. Equivalently, flk is the pull-back of the 
Fubini-Study metric ufs on F N (= WHk(Y)x) (compare section [3]) under 
the Kodaira map 

Y - FH k {Y) x , y » (^(y) : * 2 (j/)„. : * N (y)) , 

where (^) is an orthonormal base for TCk{Y)x, i-e Qk is the (normalized) 
curvature of the metric \nK k (y,y) on L, which is the pull-back of the 
Fubini-Study metric on the hyper plane line bundle 0(1) over P^(= 
WKk{Y)x)- We will call Q k the kth Bergman metric on Y induced by the 
polarized domain X. 

Now fix a point a in dX and recall that B° and K° denote the corre- 
sponding model Bergman function and kernel, respectively, on C™ defined 
in section 14.31 

Lemma 6.1. Let T be defined as in formula fi.5l Then 

dd c (lnK°(y, y)) = td(d c p ) + dd c (j) + dt A d c p 
where t = -^lnB°(p ) is strictly increasing, mapping [— oo, oo] to [0, T). 

Proof. Consider ip(po) = ln_B°(p ) as a function on C n . Then 

dip 

dd c ip = d(- — d c p ) = td(d c p ) + dt A d c p , 
opo 

where we have used Leibniz rule in the last step and the definition of t 
above. To prove the last statement above note that ip is of the general 
form 

ij)(y) = In f e M dv{t), 

where y and t are vectors in Euclidean M. N and dv(t) is a finite measure 
supported on a compact set K. Hence, if) is convex and it follows from 
well-known convex analysis [24] that the gradient of ip maps R N bijec- 
tively onto the interior of K. When N = 1 and K = [a, b] it also follows 
that — oo and oo are mapped to a and b, respectively. □ 

Next, we will prove theorem II .31 about the convergence of the Bergman 
metric. 
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Proof of theorem II. 3L Let us first prove the weak convergence of the 
(normalized) sequence of Bergman volume forms (dd c (k~ 1 \nK k (y,y)) n . 
Since the mass of this sequence of measures is bounded (compare 16.51 
below), it is by weak compactness enough to show that any subsequence 
has another subsequence that converges to the expected limit. Now given 
a first choice of subsequence it has itself a subsequence such that the 
scaling convergence in theorem 11.21 holds. Hence, it will be enough to 
show weak convergence for the latter subsequence and to simplify the 
notation we will assume that it is indexed by k in the following. 
Let G k {y) := (dd°(k- 1 hiK k (y,y)) n /u} n and 

/In k/k 
G k (a,p)dp 
- In k/k 

where a denotes a point in dX as in the proof of theorem 15.11 To prove 
the weak convergence, i.e. that for any smooth "test function" / : 

(6.1) lim / G k fu n = [ f(dd c <P) n + [ fp 

k J JX{0) JdX 

it is clearly enough, by decomposing the previous integral into different 
regions, to prove the following 

Claim 6.2. The following holds: 



(a) G k x -> l X (o)(dd c (j)) n /uj n mL x {X,u)^ 

(b) G k dx -> p/da in L\dX,da) 

( C ) I~l/lnk<p<-lnk/kG W « ~ *• 
(d) f Rk/k < P Gk "n - 

Proof. First observe that the following holds: 

(a 1 ): G k x {x) -> (l X (o)(dd c (f)) n /uj n )(x) a.e. on(X(0),u n ) 

Indeed, consider a fixed point x in the interior region and take local 
coordinates z centered and orthonormal at x. Write z = (/k. Then the 
chain rule gives 

(6.2) dd(k-Hn K k ) = d \fl) 0) dzi A dzj 

Note that for each fixed k we may replace K^ k \() in the formula above 
by k~ n K( k \Q, since d 2 (\nk~ n ) = 0. Now, by the scaling convergence (i) 
in theorem 11.21 evaluating 16.21 at shows that at almost any fixed point 

x : 

lim(^(A;- 1 lnir fc )) n = (V^A A dzi) n = (dd(f>) n . 

k ' * 

i 

Next, we will show 

{b'): liminf G k dx {a) > (p/da)(a) a.e. on (dX, da) 

k 
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To this end fix a point a in dX — E, where E is the set of measure 
zero where the scaling convergence (ii) in theorem 11.21 fails. Take local 
holomorphic coordinates (z, w) as in section l4~3l Recall that z is in C n_1 
and w = u + iv. After a change of variables, Gq X may be written in the 
following way: 

(6.3) G% x (a)= f k- l G k {Q,iv'/k)dv' 

J-lnk 

(we are making the same simplifying assumptions on the fixed ray close to 
the boundary as in the beginning of the proof of theorem 15. II) . Introduce 
the scaled coordinates ( = (zk 1 ! 2 ,wk). Then the integrand above may 
be written as 

,921 /Wfc) 

(6.4) k- l G k (0,iv'/k) = det( — _)(0,u/). 

Indeed, from the definition of G k we have that the left hand side in the 
formula above may be written as 

.921 /Wfc) 

det( n - )(C) • (k- {n+l \dCi Add--- )/(dzi A dzt ■ ■ ■ dw A dw)) 
'K,<K, 

By the definition of the scaled coordinates ( the second factor is equal 
to one and evaluating the expression at ( = (0,iv') then proves EH 

As in the interior case above, we may now multiply in 16.41 by a 
factor fc _ ( n+1 ) and apply theorem 11.21 (ii) combined with lemma 16.11 to 
obtain 

limAT^O, iv'/k)dv' = det(dcf0 + tdd c p)dt, 

k 

where t is a function of v' . Fatou's lemma combined with the change of 
variables t = t(v') in the integral E3] then proves (&'). 

Now observe that 16.11 holds when / = 1. Indeed, since dd ^ -1 In K k ) 
represents the first Chern class of L over Y this follows as in the proof of 
proposition 14. 1L In particular, splitting the integral gives the following 
upper bounds on the quantities in the claim IB~2l 

J x{0) (dd c (j)) n + f dx {i > 

(6.5) limsup fc J G k x u) n + liminffc J ax Gg X da+ 

liminf fc(Ll/lnfc ft <p<-lniW* + Lk h /k<p GkuJ n) 

Moreover, the previous bound clearly also holds whith limsup in front 
of any of the other two integrals (as long as the remaing integrals have 
liminf in front of them) . But then the lower bounds in (a') and {b') 
above combined with Fatou's lemma force 

(6.6) lim f G k x u n = [ (dd c (P) n , lim f G k 9x da = [ fi. 

k J Jx(o) k JdX JdX 
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Hence, (a) and (b) in the claim 16.21 follow from combininig these two 
limits with (a') and (&') above, using the integration lemma 14731 Finally, 
combing 16.51 and [BT61 proves (c) and (d). 

The statements (i) and (ii) of the theorem follow directly from theorem 



In this section we will take X to be any given compact set in Y and 
any given metric on L — > Y which is continuous on X (only the "restric- 
tion" of to X will be relevant in the sequal). We will, for simplicity, 
assume that L is semi-positive, i.e that it admits some smooth metric 
with semi-positive curvature (see [HUH] for the setup in the general case). 
Comparing with the previous sections we will say that X (or rather the 
pair (X, 0)) is a (semi-) polarized set if is smooth on X with (semi- 
positive curvature form on all of X. 

7.1. Equilibrium metrics. To a general pair (X, 0) we may associate 
the following equilibrium metric on L — > Y : 



where C{x,l) is the class consisting of all (possibly singular) metrics on L 
with positive curvature current. Then the upper semi-continuous (use) 
regularization 0* is in C(x,l) and is locally bounded [25,]. In particular, 
the Monge-Ampere measure (dd c (f)* e ) n /n\ is a well-defined positive mea- 
sure by the classical work of Bedford-Taylor [26], which is supported on X 
and called the equilibrium measure associated to (X, 0). It was recently 
introduced in the more general global setting of quasiplurisubharmonic 
functions by Guedj-Zeriahi [25j. 

7.2. Regularity. In case (X, 0) is a semi-polarized domain one has that 
e = on the interiour of X [25], hence the non-trivial contribution to the 
equilibrium measure then comes from the boundary of X. The situation 
when X is all of Y, but is any (typically non-positively curved) smooth 
metric on L is studied in [6]. In the latter case it follows directly that e 
is use, i.e. 0* = e . In the general case the latter property holds precisely 
when 0* = e on X and we will then say that (X, 0) is regular, using 
classical terminology [26]. In fact, 0* = e on X precisely when e is 
continuous on all of Y. As we will not consider regularity issues we refer 
the interested reader to [9] for a recent account, based on the classical 
work by Siciak and others. For example, when X is a domain with 
smooth boundary (X, 0) is always regular (as long as is continuous). 

Remark 7.1. Consider the case when X is a polarized domain in Y with 
smooth boundary, so that 0* = e , which is equal to on X. Then 
(dd c cj) e ) n jn\ = on the complement of X [25] and by the "domination 
principle" [9] e may then be caracterized as the unique extension of 



11.21 combined with lemma [67T1 



□ 



7. Equilibrium measures 



(7.1) 
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from X to all of Y which solves the Dirichlet problem for the Monge- 
Ampere operator on Y — X. Using this it should be possibly to obtain 
the convergence of the Monge-Ampere operators in theorem 11.41 in the 
special case when X is polarized pseudoconcave domain with compatible 
curvatures, from theorem 11.31 (compare the approach in [29|). 

7.3. Bernstein-Markov measures and general Bergman kernels. 

Extending classical terminology (compare [TBI E]) a measure v is said 
to satisfy the Bernstein-Markov property with respect to (X, <p) if for any 
positive number e there is a constant C e such that the following inequality 
holds for all positive integers k : 

(7-2) sup K|^(x) < C e e ke / \a k \lfV 

for any element of H°(Y,L k ). Given such a measure v one obtains a 
Hilbert space structure on H°(Y,L k ) by replacing the measure lxw n in 
formula 12.21 with v. We will denote by K k the corresponding Bergman 
kernel, which hence depends on (u, 0) and by B k v the corresponding 
Bergman measure. 

For example, if X is a smooth domain and v = Ix^n, where u n is 
a smooth volume form on Y then v has the Bernstein-Markov property 
with respect to (X, 0) (compare [9] where this is proved by adapting 
classical arguments of Siciak and others). 

7.4. The proof of theorem II. 4L In the proof of the theorem 11.41 we 
will make use of the following well-known extension lemma, which follows 
from the Ohsawa-Takegoshi theorem (compare [10]): 

Lemma 7.2. Let (L,<j/) be a (singular) Hermitian line bundle such that 
4>' has positive curvature form and let (A, <f>^) be an ample line bundle 
with a smooth (but not necesserly positively curved) metric 4>a- Then the 
following holds after replacing A by a sufficiently high tensor power: for 
any point y where <$' ^ oo, there is an element a in H°(Y, L k <g> A) such 
that 

(7-3) \My)\ty = !> Kllw < C - 

The constant C is independent of the point y and the power k. 

The next lemma is used to reduce the general case to the case when L 
is an ample line bundle. 

Lemma 7.3. Let (A, 4>a) be a positive smooth Hermitian line bundle and 
let 4> m := mcj) + 4>a be the induced metric on L m £g> A. Then 

(7.4) ((mcj) + 4> A )e - <pA)/m -> (f> e 

is a decreasing limit. Moreover, applying the Monge-Ampere operator to 
both sides gives a weakly convergent sequence of measures on Y. 
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Proof. To simplify the notation we set e = 1/m and interpretate + ecf) A 
as a Q— metric on the Q- line bundle A e ® L (these can be defined either 
in analogy with Q— divisors [27], or in terms of quasiplurisubharmoic 
functions as in remark 17771) . Then $ e := (0 + e(p A ) e — (fi A is the sequence 
of metrics on L given by the left hand side in !7.4l To see that $ e decreases 
as edecreases to it is clearly equivalent to prove 

e > e => (0 + e0 A ) e > (0 + e'<f) A ) e + (e - e')(f> A . 

But this follows since the right hand side is a contender for the sup 
defining (0 + ecf) A ) e (using that dd c <p A > 0). As a consequence lim e ^ $ e 
exists and 

lim$ e > $n = <b e , dd c (lim$ £ ) > 

Moreover, by definition $ e < (0 + e<p A ) — e0A < on int(X). Hence 
lim^o < 0e by the extremal defintion of e . This proves [7741 Finally, 
writing 

n 

{dd c $ t ) n /n\ = ^(- e ) (n ~ fc) (dcf (0 + e<j) A ) e ) k /k\{dd c <j) A ) in ~ k) /(n - k)\ 

k=0 

and using that the operator that takes ip to the current (dd c ip) k ) is con- 
tinuous [26j when applied to a decreasing limit of plurisubharmonic func- 
tions (here given by a local representation of (0 + e0A) e ), proves the last 
statement of the lemma. □ 

Now we can prove theorem 11.41 stated in the introduction, saying that 
the metric on L induced by the Bergman kernel converges to e . 

Proof of theorem II. 4L Let us first prove the upper bound on k~ 1 \nK k 
if fj, is a measure with the Bernstein-Markov property. To this end fix 
e > and observe that by the very definition of the latter property and 
the extremal caractererization 12.91 of the Bergman kernel 

k- 1 (\nK k (x,x) - In C e ) -e < 

for x £ X, for any k. In particular, 

(7.5) AT^ln K k (y,y) - lnC e ) - e < e 

on all of Y, by the extremal definition of e , which proves the upper 
bound corresponding to 11.81 

Next, let us prove the lower bound in the case (i). Given e > fix 
an arbitrary point y in Y. A standard regularization argument involving 
Demailly's regularization theorem (see [9j) yields a candidate 0' for the 
sup defining e such that 0' is continuous on X and 4>'(y) > <j> e (y) — e - 
Now take an element in H°(Y, L k <g>A) furnished by lemma 17721 Since 
by construction 0' < on X we have that 

(7-6) | 

JX JY 
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Hence, 17.31 in lemma E21 gives that 

k- l \n{\a k {y)\ 2 w+!j)A / J \a k \ 2 k(j)+<j)A u n ) > C'k- 1 
and since 4>'(y) > 4>e(y) — e we then obtain 

k-Hn(\a k (y)\ 2 / [ u n ) > c/> e (y) - e + (Mv) + C')k^ 



x 



Finally setting (A,4>a) = (L k °, k (p) for k a fixed large natural number 
and writiting L k = L k ~ k ° g) A proves the lower bound corresponding to 
11.81 in the case (i). 

The case (ii) now follows from the previous lower bound and the fact 
that the Bernstein-Markov inequality used to get the upper bound may 
be replaced by the following stronger inequality if X is a smooth pseu- 
doconcave domain: 

(7.7) supMx)| 2 ^/ f \a k \ 2 k ^ n <Ck^ 

x£X J X 

uniformly in k. Indeed, the previous bound is a direct consequence of the 
Morse inequalities in section [4] (see also [4] for the "middle region"). 

To prove the lower bound in the case (Hi), fix e > and denote by 
Xs the closure of an open 5— neighbourhood of X. By the previous argu- 
ment used to prove the lower bound in the case (ii) applied to Xg (for 
S sufficently small) and with 0' = e (which is use by assumption) it is 
enough to prove that 



(7-8) j x \a k \ 2 k ^<C e e^ \a k \ 2 k ^u n . 

But this is a simple consequence of the submean property of holomorphic 
functions. Indeed, for any fixed x in X the latter property gives 

|afc| 2 (x) <C S \a k \ 2 uj n , 
Jb 6 (x) 

in a fixed trivialization of L on the coordinate ball Bg(x) of radius S cen- 
tered at x. Now since, by assumption, e is use we may chose S sufficiently 
small that 

(7-9) K|^ e (x) < C s{e) e kt I K|^n(< C s(e) e ke \a k \ 2 k ^u n ) 

JB s (x) JXs 

Hence, integrating over x proves 17.81 

Finally, to prove the convergence 11.91 in the theorem recall that the 
Monge- Ampere operator (mapping to (dd c (j)) n ) is continuous when ap- 
plied to a uniform limit [26j of plurisubharmonic functions. 
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Remark 7.4. Given a compact subset X and a continuous metric on 
an ample line bundle L, let 



which is an L°°-version of the kth Bergman metric. By definition ipk < <p e 
on X for any k. Hence, the proof of the lower bound in Theorem 11.41 
(Hi) in gives that ipk also converges uniformly to e if (X, <fi) is regular. 
Moreover, a slight modification of the argument gives that if X is any 
compact set, then the corresponding point-wise convergence always holds. 
Indeed, given a fixed point y in Y and e > one applies lemma 17.21 to 
a continuous metric 0' defined as in the proof of (i) in Theorem ll.4[ 
Then the convergence will in general only be point-wise since the S in 
the estimate 17.91 will depend on the "oscillation" of <fi' (which plays the 
role of e ) and hence on the point y. 

Proof of corollary II. 5L First assume that L is ample. Then combining 
theorem 11.31 and theorem 11.41 immediately proves the corollary. When L 
is not ample we replace it by the ample line bundle L m ® A. Finally, 
letting m tend to infinity and combining the ample case with lemma [731 
then finishes the proof of the corollary. 

Example 7.5. Under the assumption 2 in section 12.21 , we have that 
e = on Y — X (also assuming that L is a positive line bundle). Indeed, 
in this case <p e is continuous on all of Y (since it is the uniform limit of 
continuous functions according to theorem 1 1.41 ). Hence, e = on Y — X 
by the uniqueness of solutions to corresponding Dirichlet type problem. 

In particular, the previous example shows that in the case considered 
in example 13.21 (f> e corresponds to the function ln(|£|+) in C n . @ This also 
follows from the following class of examples: 

Example 7.6. In the case considered in example 13.41 we have that 

(p e (z,w) := <f> G (z) + p + 

on Y — X, using the notation f+ = f when / > and /+ = other- 
wise. In fact, this is the extension of <p described in that example and 
its regularization also described there is incidentally very similar to the 
one obtained from the limit of k~ l (\n K k (y , y) (which may be computed 
following the constant curvature case in section 4 in [4]). Note that e is 
continuous up to the boundary of Y — X and solves the Dirichlet type 
problem in formula ??. 

Remark 7.7. In the more general setup of Guedj-Zeriahi [25] the pseudo- 
concave domain X is replaced by any given Borel set K in Y. Moreover, 
the function Vjc^j '■= 4> e (y) ~(p(y), where u = dd c (p, is called the global ex- 
tremal function in [25] and it is an example of an dd c (p— plurisubharmonic 

9 This is the Siciak-Zaharjuta extremal function of the unit-ball (also called the 
pluricomplex Green function with a pole at infinity [26]). 
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function. In particular, the (generalized) equilibrium measure introduced 
above may be written as (dd c (f) e ) n = (u + dd c VK,S)n- 

8. Open problems 

In view of Theorem 15.11 concerning a polarized domain X with com- 
patible curvatures, it is natural to make the following conjecture : 

Conjecture 8.1. Suppose that (X,cj)) is regular and that the measure 
v has the Bernstein-Markov property with respect to (X, <f>) . Then the 
normalized Bergman measure k~ n B k v converges weakly to the the equi- 
librium measure (dd c (j) e ) n associated to (X, (j>). 

If the Bergman measure in the conjecture above is replaced by the nor- 
malized volume form (dd c (h~ 1 hi K k (y, y)) n of the corresponding Bergman 
metric (compare section [6|) then the statement does hold, according to 
theorem 11.41 Hence, the conjecture above is equivalent to the following 

Conjecture 8.2. Under the assumptions of the previous conjecture the 
weak limits ofk~ n B k (y)v and (dd c (k~ 1 lnK k (y,y)) n both exist and coin- 
cide. 

In the "weighted classical setting" in C n the conjecture 18.11 was made 
independently very recently by Bloom-Levenberg in [T7]. In [16j Bloom- 
Levenberg proved the conjecture for n = 1, i.e. in the complex plane, 
by using the fact that in this case the equilibrium measure may be char- 
acterized as a minimizer of the weighted logarithmic energy (see [TBJ for 
further references concerning the planar case). When X — Y, the met- 
ric is a smooth metric and \x is a smooth volume form the conjecture 
was proved very recently in [T6] (with L any line bundle over X)0 By 
reducing to this case the conjecture can be shown to hold when X is any 
disc subbundle of a P^bundle (as in section [3J but without any curvature 
assumptions). The proof will be given in [7]. 

Returning to the case when X is a polarized pseudoconcave domain 
and v a volume form note that if conjecture 18.11 holds than one obtains 
the following bound on the corresponding equilibrium measure from the 
local Morse inequalities in section 0J 

(dd c (j) e ) n < l x (dd c (f)) n + [OX] A fi 

Finally, it seems also natural to conjecture that the factors C e e ke in 17.21 
may be replaced by Ck n+1 for some constant C if X is smooth domain 
in Y and is a smooth metric on L. See [39] for results in this direction 
in the "classical setting". As shown in the following appendix the latter 
conjecture does hold when X is pseudoconcave. One can also ask if 
the equilibrium measure of a polarized domain with smooth boundary is 
such that the measure (dd c 4> e ) n — lx(dd c (f>) n which is supported on dX 
is absolutely continuous w.r.t the "surface measure" on dX? 

10 In fact, a much stronger convergence result was obtained in this case, by showing 
that the corresponding equilibrium measure is absolutely continuous with respect to 
the Lebesgue measure and is equal to the limit of k~ n B k almost everywhere on X. 
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9. Appendix 

Boundary estimates. In this section we will give the proof of some 
boundary estimates for the scaled Bergman function B^ k \ refered to in 
section l4~3l The arguments are essentially contained in [4], but for com- 
pleteness we provide some elemantary arguments, which don't use any 
subelliptic estimates (as opposed to [1]). The notation in section 14.31 
will be used, but for notational convenience we assume that the curva- 
ture eigenvalues fii are all equal to —1. Moreover, note that on X k the 
weighted norm is equivalent to the unweighted one: for any function / 
we have 

(i/c) \\ff Xk <\\f\\ 2 XkM <c\\f\\ 2 Xk , 

which follows immediately from the convergence of the scaled metrics. 
The following lemma uses the pseudoconcavity of X to estimate the 
values of a holomorphic function / on a polydisc centered at 0, with the 
norm of / inside X^. 

Lemma 9.1. Let f be a holomorphic function on X^. Then 



su P \f\ 2 <C R 



Proof. By a scaling argument we may asume that R — 1. First observe 
that, by the submean property of holomorphic functions, 

sup|/| 2 <C||/||i. 

A 

Hence, it is enough to prove that the integral outside X k may be esti- 
mated by an integral inside of X k : 

(9-1) \\f\\l-x k <C'\\f\\ Xk . 

The latter estimate is essentially a well-known consequence of the pseu- 
doconcavity of X. To see this, note that for any given point (z ,w ) in 
A we have that 

(9.2) S :={(z,w );3> \z - z \ > 2} C X k 

for k large. Indeed, by the uniform convergence 14. 1 Ol it is enough to prove 
the inclusion into X 0} which in turn follows from the bound 

Po(z,Wo) := Imu7 — \z\ 2 < 1 — \z\ 2 < 0, 

if (z, Wo) is in So- Next note that by the submean-property of the holo- 
morphic function /(-,Wo) we have 

J 2 3 (J 2|=r | /| 2 ( Z , W o)(ia)r 2 "-^ 

J 2 3 r 2n ~ l dr J s 

where da is the normalized measure on the sphere in C™ _1 of radius r 
centered at Zq. Finally the bound ED is obained by first integrating over 
the z— variable in the left hand side of 19.11 and then using the previous 
point-wise estimate on the integrand. The point is that, by 19.21 S is a 
subset of X . □ 



1*12/ \ ^ rl J2^J \z\=r I J I KOiWQJMJ' / 2 

\f\ (z 0} w )<C U -3— — = C \f\ (z,w )dzAdz 
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The next lemma is independent of any curvature assumptions. 

Lemma 9.2. Let f be a holomorphic function on Xk- Then for v G 
[— |lnA;, 0] we have that 

2 ^ C II ni2 



i/(o,itor< 3 



Proof. By the submean propery of the holomorphic function /(0, •) we 
have 

|/(0,^)| 2 < - 2 [ \f\ 2 (0,w)dwAdw. 

v J\w-iv\<-v/2 

Note that, by assumption, the integration takes place over points inside 
Xk- Finally, estimating \ f\ 2 (0,w), using the submean property of f(-,w) 
over the unit-ball in the z— variables, then finishes the proof of the lemma. 

□ 

Now by combining the two previous lemmas we obtain that the func- 
tion lR k < v <o(v ) 13^(0, iv ) is dominated by the following function which 
is in L 1 ] — oo, 0[: 

C 

g(v) := C, for v > —1 g(v) := — fort> < — 1 

11* 



REFERENCES 

[1] Dai, X; Liu, K- Ma, X: On the asymptotic expansion of the Bergman kernel, J. 

Differential Geom. 72 (2006), no. 1, 1-41 
[2] Berman, R: Bergman kernels and local holomorphic Morse inequalities. Math Z., 

Vol 248, Nr 2 (2004), 325-344 
[3] Berman, R: Super Toeplitz operators on holomorphic line bundles J. Geom. Anal. 

16 (2006), no. 1, 1-22. 
[4] Berman, R., Holomorphic Morse inequalities on manifolds with boundary Ann. 

Inst. Fourier (Grenoble) 55 (2005), no. 4, 1055-1103. 
[5] Berman, R., Correction to "Holomorphic Morse Inequalities on Manifolds with 

Boundary". To appear in Ann. Inst. Fourier (Grenoble) 
[6] Berman, R., Bergman kernels and equilibrium measures for line bundles over 

projective manifolds. Preprint in 2007 at larXiv:0710. 43751 
[7] Berman, R, Random measure processes on complex manifolds in the presence of 

negative curvature (in preparation) 
[8] Berman R; Berndtsson B; Sjostrand J: Asymptotics of Bergman kernels. Preprint 

at arXiv.org/abs/math.CV/050636. 
[9] Berman R; Boucksom S: Capacities and weighted volumes for line bundles. In 

preparation. 

[10] Berndtsson, Bo: Positivity of direct image bundles and convexity on the space 

of Kahler metrics. Preprint at arXiv.org/abs/math.CV/0608385 
[11] Bleher, PI; Shiffman, B; Zelditch, S: Universality and scaling of correlations 

between zeros on complex manifolds. Invent. Math. 142 (2000), no. 2, 351-395. 
[12] Bleher, PI; Shiffman, B; Zelditch, S: Poincare-Lelong approach to universality 

and scaling of correlations between zeros. Comm. Math. Phys. 208 (2000), no. 3, 

771-785. 

[13] Bloom, T: Random polynomials and Green functions. Int. Math. Res. Not. 2005, 
no. 28, 1689-1708. 



36 ROBERT BERMAN 

[14] Bloom, T: Random polynomials and (pluri)potential theory. Anneles Polonici 
Math. 91.2-3 (2007) 

[15] Bloom, T; Levenberg, N: Weighted pluripotential theory in C N Amer. J. Math. 
125 (3) (2003), 57-103 

[16] Bloom, T; Levenberg, N: Strong asymptotics for Christoffel functions of planar 
measures. Preprint in 2007 at ArXiv: 0709.2073 

[17] Bloom, T; Levenberg, N: Transfinite diameter notions in C"N and integrals of 
Vandermonde determinants. Preprint in 2007 at ArXiv: 0712.2844 

[18] Bloom, T; Shiffman, B: Zeros of random polynomials on C m Preprint at 
arXiv.org/abs/math.CV/0605739 

[19] Deift, P. A. Orthogonal polynomials and random matrices: a Riemann-Hilbert 
approach. Courant Lecture Notes in Mathematics, 3. New York University, 
Courant Institute of Mathematical Sciences, New York; American Mathemat- 
ical Society, Providence, RI, 1999. 

[20] Demailly, J-P: Champs magnetiques et inegalite de Morse pour la d"- 
cohomologie., Ann Inst Fourier, 355 (1985,185-229) 

[21] Demailly, J-P: Complex analytic and algebraic geometry. Available at www- 
fourier.ujf-grenoble.fr/~demailly/books.html 

[22] Demailly, J-P: Potential Theory in Several Complex Variables. Manuscript avail- 
able at www-fourier.ujf-grenoble.fr/~demailly/ 

[23] Griffiths, P; Harris, J: Principles of algebraic geometry. Wiley Classics Library. 
John Wiley & Sons, Inc., New York, 1994. 

[24] Gromov, M: Convex sets and Kahler manifolds, Advances in Differential Geom- 
etry and Topology (Teaneck, NJ), World Scientific Publishing, 1990, pp. 1-38. 

[25] Guedj,V; Zeriahi, A: Intrinsic capacities on compact Kahler manifolds. J. Geom. 
Anal. 15 (2005), no. 4, 607-639. 

[26] Klimek, M: Pluripotential theory. London Mathematical Society Monographs. 
New Series, 6. Oxford Science Publications. The Clarendon Press, Oxford Uni- 
versity Press, New York, 1991 

[27] Lazarsfeld, Robert: Positivity in algebraic geometry. I. Classical setting: line 
bundles and linear series. A series of modern surveys in Mathematics, 48. 
Springer- Verlag, Berlin, 2004 

[28] Lindholm, N: Sampling in weighted LP spaces of entire functions in C™ and 
estimates of the Bergman kernel. J. Funct. Anal. 182 (2001), no. 2, 390-426 

[29] Phong, D.H;Sturm, J: The Monge-Ampere operator and geodesies in the space 
of Kahler potentials. Invent. Math. 166 (2006), no. 1, 125-149. 

[30] Saff.E; Totik.V: Logarithmic potentials with exteriour fields. Springer- Verlag, 
Berlin. (1997) 

[31] Shiffman, B; Zelditch, S: Distribution of zeros of random and quantum chaotic 
sections of positive line bundles. Comm. Math. Phys. 200 (1999), no. 3, 661-683. 

[32] Shiffman, B; Zelditch S: Equilibrium distribution of zeros of random polynomials. 
Int. Math. Res. Not. 2003, no. 1, 25-49. 

[33] Shiffman, B; Zelditch, S: Random polynomials with prescribed Newton polytope. 
J. Amer. Math. Soc. 17 (2004), no. 1, 49-108 

[34] Shiffman, B; Zelditch, S: Number variance of random zeros on complex manifolds. 
Preprint at arXiv.org/abs/math.CV/0608743 

[35] Tian, G: On a set of polarized Kahler metrics on algebraic manifolds. J. Differ- 
ential Geom. 32 (1990), no. 1, 99-130 

[36] Witten, E: Supersymmetry and Morse theory. J. Differential Geom. 17 (1982), 
no. 4, 661-692. 

[37] Zabrodin, A; Matrix models and growth processes: from viscous flows to the 
quantum Hall effect. Preprint in 2004 at arXiv.org/abs/hep-th/0411437 



BERGMAN KERNELS AND EQUILIBRIUM MEASURES FOR POLARIZED PSEUDOCONCAVE DOMAII3S 



[38] Zelditch, S: Szego kernels and a theorem of Tian. Internat. Math. Res. Notices 
1998, no. 6, 317-331. 

[39] Zeriahi,A: Inegalites de Markov et developpement de serie de polynomes orthog- 
onaux des fonctions C°° et A°°*. In: Several Complex Variables Proceedings 
of the Mittag-Leffler Inst. 1987-88. Mathematical Notes (1993),683-701. Princ. 
Univ. Press. 

Current address: Institut Fourier, 100 rue des Maths, BP 74, 38402 St Martin 
d'Heres (France) 

E-mail address: robertb@math.chalmers.se 



